This is the continuation of previous notes on the subject referred as He5]and devoted to the analysis of Laplace integrals attached to the measure exp ? (X) dX for suitable families of phase appearing naturally in the context of statistical mechanics. The main application treated in Part I was a semi-classical one ( = =h and h ! 0) and the assumptions on the phase were related to weak non convexity. We analyze here in the same spirit the case when the coe cient of the interaction J is possibly large and give rather explicit lower bounds for the lowest eigenvalue of the Witten Laplacian on 1-forms. We also analyze the case J small by discussing rst an unpublished proof of BaJeSj] and then an alternative approach based on the analysis of a family of 1-dimensional Witten Laplacians. We also compare with the results given by Sokal's approach. In part III of this serie He5], we shall analyze, in a less explicit way but in a more general context, applications to the logarithmic Sobolev inequality.
Introduction
Our aim is to analyze Laplace integrals attached to the measure exp ? (X) where, in the case of our toy model, which actually plays an important role in Quantum Field Theory (see for example GlJa]), the one particle phase takes the form T M (x) = 1 12 x 4 + 1 2
(1.
2) The parameters and satisfy > 0 ; (1.3) and we want mainly to analyze the possibility of having < 0 : the consideration of non convex phases is indeed our main interest. Here j k means that j and k are nearest neighbors in considered as a discrete torus. The sum is over the non-oriented pairs of . Finally J is usually assumed to be positive but all the results we shall give under the condition that J is small enough could be extended to the case when jJ j is small enough.
Our main problem is to analyze the properties of the measure d := exp ? (X) dX= Z IR exp ? (X) dX (1.4) and more precisely the covariance associating to (f; g) Cov (f; g) = h(f ? hfi)(g ? hgi)i (1.5) where h i denotes the mean value with respect to the measure d .
As it is now established 1 , an elegant approach is to analyze a Witten Laplacian on 1-forms. The aim of this article, in continuation of He5] , is to show that this approach leads also to very explicit criteria in non convex case that we compare in particular with Sokal's approach. (2.
2)
The strict positivity of the Witten Laplacian W 1 was rst observed by J. Sj ostrand Sj2] for a somewhat narrow class, which does not contain the example above. Let us recall 3 for reference the extension recently obtained by J. Johnsen Jo].
Proposition 2.1 :
Let us assume that the phase satis es the following assumptions 4 .
(H1) jD x r (x)j C < jr j > (1? j j) + (2.3)
for some > 0, and for all .
There exists > 0 and a constant C such that, for all x such that jxj C, we have
(2.4) Then W 1 is essentially self-adjoint and its selfadjoint extension 5 as an unbounded operator on L 2 1?forms with respect to the standard Lebesgue is with compact resolvent and strictly positive. We observe that these assumptions are satis ed for the model (1.1) with satisfying, for some strictly positive constants , , C, (C k ) k2IN ,
(2.5) 2 It was denoted by (1) The rst thing to observe is that the condition is always satis ed when J is small enough. We get indeed We then obtain as a corollary the exponential decay of the correlation pair function under the conditions (3.15) and
The inequality (3.18) implies, using (3.15) and (3.17), the condition (3.4).
Remark 3.5 :
This is of course very rough and can be surely improved by considering instead of (3.14) the inequality
for a strictly positive , and using also an improvement of (3.16) leads to
The question is then to determine under which condition one can nd such that the r.h.s is strictly less than 1 2J d . Then one could compare with the condition appearing in (2.10). This is left as an exercise to the reader. 4 The case J small: perturbative approach Sokal's result allows one to prove that, for a large class of ferromagnetic examples that in any case {in particular also for highly non convex situations{ we have exponential decay of the correlations for J small enough. It is natural to try to understand also this property in the framework of the Witten Laplacians. This was one of the goals of a recent analysis presented by BachJecko-Sj ostrand BaJeSj]. Let us describe their approach in a rather more particular situation that we shall also analyze di erently in the next section.
The basic idea is that when J = 0, the Witten Laplacian on 1-forms is clearly strictly positive (uniformly with respect to the subset of ZZ d ). It is indeed diagonal.
We have consequently to justify a perturbation argument for J small. The only small di culty is the control with respect to the dimension. Under conditions (h1) and (h2) on , we observe that (with s = 0 or 1)
We just apply this inequality for the pairs j;`and get the following regularity property, for a suitable constant C, jj 0 j;0 u`jj 2 C hw
(4.8)
We also obtain for another constant C, that, for (j; k;`) 2 with j k, jj(x j ? x k )u`jj 2 C hw These estimates are not su cient. The detailed proof is more tricky and is given in BaJeSj]. One of the points is to introduce a parameter 0 < q < 1 and to write the following inequality This proof could probably work also for other boundary conditions (periodic, free,...). But the condition that jJ j is smaller than some J 0 may depend on the choice of these boundary conditions. This will be analyzed in He5].
Let us also observe that the condition on the sign of J is unimportant in the proof. Sokal's approach is more related to ferromagnetic systems.
5 The case J small : an 1-dimensional approach
In the preceding section, we were suggesting that in the highly non convex case there was a problem to nd a strictly positive lower bound uniformly with respect to the parameters x k (k j) for the operator w (1;J ) j seen as a family of operators on L 2 (IR). We presented in Section 2 one way which was e cient in the case when the non convexity was not too strong. In Section 4, we explained the trick used by Bach-Jecko-Sj ostrand BaJeSj] consisting in the use of the non diagonal terms for controlling the perturbation and also eliminating any assumption of weak convexity. The study in this section will present another way, less perturbative in spirit, for treating the di culty to have uniform control with respect to J . For any xed pair ( ; J ), the operator is strictly positive by Proposition 2.1 and a standard perturbation argument permits to show (under assumptions (h1), (h2) and with 1) that the lowest eigenvalue of w(t; d dt ; ; J ) is continuous with respect to J and . So it is a problem of uniformity as = 1. Let us treat our model where (t) = T M using a semi-classical approach. Changing of , we can forget J although remembering that our argument has to be locally uniform in . So we have nally to verify the following ). This shows the lemma. We have consequently given an alternative proof of Proposition 4.1, in the case of the toy model = T M .
Remark 5.2 :
We shall discuss the uniformity of the argument with respect to other boundary conditions in He5]. The price to pay is that the estimates given in this section will be much more implicit.
Conclusion
As we have seen, the lowest eigenvalue of the Witten Laplacian plays an important role. A natural question is the understanding of the phase transition through this approach. The answer is not clear. Let us just observe here that the results obtained on the transition of phase by other methods like infrared estimates or Peierls argument (see GlJa] for a presentation of these methods) will give an upper bound on the splitting between the two lowest eigenvalues of the Witten Laplacian on the functions or an upper bound of the smallest eigenvalue of the Witten Laplacian on the 1-forms. We recall that in the infrared estimates (see He2] for a recent presentation and a bibliography) one gets (but under the condition d 2), a uniform 8 lower bound 0 > 0 of the mean value of the variance Cov (f; f) of the function x 7 ! f(x) = 1 j j ( P 2 x j ) with respect to the measure exp ? (X) dX and this gives an upper bound of the smallest eigenvalue, and consequently of the splitting, by 1 0 j j .
